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A statistical approachto estimating the probabilisticdistributionof compositedamagesizes using aircraft service
inspection data has been investigated. Bayesian updating methods were implemented to revise baseline composite
damage size distributions using damage size data from the Federal Aviation Administration’s Service Dif� culty
Reporting System. Updating was performed on the Boeing 757and 767 wing composite trailing-edgedevices, eleva-
tors and rudders, with the results demonstrating that the assumed baseline damage size estimates are conservative
in nearly all cases. Component failure probabilitieswere recalculated using the updated damagesize distributions,
and these results show an overall improvement in reliability for the damage mechanisms analyzed. The results of
the analysis demonstrate that an inspection and maintenance program that reports damage characteristics can be
used to monitor the reliability of damage tolerant structures on a quantitative statistical basis. Recommendations
are also made for improving current inspection data reporting systems, which would enhance the ability to gather
detailed information on the characteristics of each structural damage event.

Nomenclature
A = random variable for damage size
a = sample damage size from domain A
ac = critical damage size
a50 = median detection probability for probability

of detection models
Na = sample mean of damage sizes
D = binary random variable for damage detection state

(1 indicates damage is detected)
E[ ] = expected value of quantity in brackets
f A.a/ = probability density function of A
g = importance-sampledprobability density function
k = shape parameter for log-odds probability

of detection model
L = likelihood function

a = sample mean of the log of damage sizes
m = importance sample size
n = sample size of damages used for updating
PD.a/ = probability of detection for damage size a
P.Y / = probability of Y
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NPD = sample mean of the log of probabilities of detection
p.a/ = probability density function of actual damage size
p0.a/ = probability density function of detected damage size
R = reliability
w = importance weight factor
® = shape parameter for prior distribution of gamma

model parameter µ
¯ = shape parameter for Weibull distribution of damage

sizes, or scale parameter for prior distribution of
gamma model parameter µ

µ = scale parameter for actual damage size distributions
» = truncation value for detected damage size distribution
¾ = shape parameter for lognormal probability

of detection model
¿ = shape parameter for gamma distribution

of damage sizes

Subscripts

n = normalized values of importance weight factors
u = updated distribution of model parameters
0 = earlier distribution of model parameters

Introduction

T HE nondeterministic approach to damage tolerance is begin-
ning to gain acceptance as a means of quantifying safety and

reliability in aircraft structures. Probabilistic methods applied to
damage-tolerantdesigns enable the characterizationof uncertainty
associatedwith damage accumulationand growth, inspection relia-
bility, and residual strength behavior of the structure. By the use of
thesemethods,the safetyand reliabilityof a structurecanbe assessed
on a quantitative basis, allowing aircraft manufacturers, operators,
and � ightcerti� cationauthoritiesto evaluatethe riskassociatedwith
structural failures in an aircraft � eet. A simpli� ed probabilistic ap-
proach for quantifying the reliability of damage-tolerant structures
has been previously investigated by Lin et al.1 Structural reliability
for a single inspection opportunity is de� ned as the compliment of
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the probability that a single � aw size larger than the critical � aw
size for residual strength of the structure exists and that the � aw
will not be detected. The methodology derived from this de� ni-
tion is suf� cient for use on composite structures designed for “no
damage growth” certi� cation criteria. One of the most challenging
aspects of applying this or any other probabilistic methodology to
a damage tolerance problem is the determination of the appropriate
distributionof actual damage sizes for each damage mechanism the
structure will see in service.

During thedesignphaseandearlyoperationallifeof the structure,
little damage size data may be availablebecauseit is very dif� cult to
simulate, in laboratory experiments, all of the conditions that cause
damage to accumulate on an aircraft structure. Under the current
philosophyof commercial and military aircraft operations,periodic
scheduled and unscheduled airframe inspections are typically car-
ried out by maintenancepersonnelto ensure the airworthinessof the
� eet. These inspectionsprovide a good opportunity to collect dam-
agesize informationon all of the structuraldamage that accumulates
in a � eet of aircraft. One of the bene� ts of utilizing a probabilistic
approach to damage tolerance is that Bayesian statistical tools can
be used to update the damage size probability distributions when
new data become available. This techniquewas previouslydemon-
strated by Harris for initial crack depths on a center-crackedpanel.2

In this research, Bayesian updating techniques are used to revise
initial estimates of damage size distributionsusing composite dam-
age size data from the Federal Aviation Administration’s Service
Dif� culty Reporting System (SDRS) database.

Reliability Formulation
A de� nition for damage-tolerant reliability was previously de-

rived in Ref. 1 and will be used here in modi� ed form for the sub-
sequent analyses. The reliability equations rely on a probabilistic
characterization of actual structural damage sizes and damage de-
tection capability for the inspection technique being used:

R D 1 ¡ P.A ¸ ac; D D 0/ D 1 ¡ PF (1)

PF D
Z 1

ac

p.a/[1 ¡ PD.a/] da (2)

This de� nition, depressed in terms probability of failure (PF), as-
sumes that only a single � aw is present in the structure at a single
inspection opportunity and that the � aw is not growing with time.
The de� nition should, thus, be suf� cient for characterizing com-
posite structures designed under “no damage growth” certi� cation
criteria. An additional assumption is that a single characteristicdi-
mension can describe the damage mechanism being modeled.

The reliability equation itself is independent of the particular
damagemechanismbeingmodeledbecauseall of the con� guration-
speci� c information in the problem is contained within the param-
eters of the probability distributions. Therefore, the choice of ap-
propriateprobabilitymodels is important to accuratelydescribe the
natureof uncertaintyfor the speci� c problemof interest.Berens and
Hovey3 and Berens4 have conducted signi� cant research to charac-
terize probability of detection (POD) models for cracks in metal
aircraft structures.The results of these studies show that a cumula-
tive lognormal distribution[Eq. (3)] can be used to model the mean
hit/miss response data from crack detection experiments:

PD.a/ D
Z a

0

1

x¾
p

2¼
exp

µ
¡ 1

2¾ 2

2

³
x

a50

´¶
dx (3)

Efforts to extend this research to the determination of POD char-
acteristics for composite damage inspection techniques have so far
been minimal. Thus, for the purposes of this analysis, the cumu-
lative lognormal POD model is assumed to apply equally well to
composite damage types. The form of the POD model is such that
the probabilityof damage detection goes to zero as the damage size
approacheseither zero or some minimum detection threshold.This
means that the frequencyof occurrencefor structuraldamagesizes is
not completely observableover the range of possible damage sizes,
and so the exact shape of p.a/ can never be completely character-
ized.A choiceof probabilitymodels for p.a/ that can accommodate

this type of uncertainty is the gamma [Eq. (4)] or Weibull [Eq. (5)]
probability density functions (PDFs). Both of these models can as-
sume either an exponential form, or a form that is bounded near
zero, depending on the value of the shape factor term:

Gam.aI ¿; µ/ D [1=µ ¿ 0.¿ /]a¿ ¡ 1 exp.¡a=µ/ (4)

Wei.aI ¯; µ / D .¯=µ¯ /a¯ ¡ 1 exp[¡.a=µ/¯ ] (5)

Any damage size data collected from structuralinspectionsrepre-
sent a random sample, not from the actual damage size distribution,
but from the detected damage size distribution, which is a product
of the actual damage size distribution and the detection probability
of the particular inspection technique used:

p0.a/ D
p.a/PD.a/R 1

0
p.a/PD.a/ da

(6)

The analyticdetecteddamage size models are shown in Eq. (7) for a
gamma actual damage size distributionand in Eq. (8) for a Weibull
actual damage size distribution:

p0.a/ D Gam.aI ¿; µ/PD.a/

E [PD.a/]
(7)

p0.a/ D Wei.aI ¯; µ/PD .a/

E [PD.a/]
(8)

Baseline Damage Size Data
One of the most dif� cult aspects of applying a probabilistic ap-

proach to damage-tolerant structural analyses is in determining the
appropriate distribution of actual damage sizes that will accumu-
late on a structure in service. At present, little quantitative data
exist on the damage size characteristicsof various composite struc-
tural applications.One of the few published examples of such data
was compiled by Gray and Riskalla.5 An excerpt of these data is
reprinted in Table 1 in modi� ed form and was used to derivedamage
size distributionsfor the composite sandwich reliability analysis of
Ref. 1. The data will also be used here to provide a baseline esti-
mate of damage size distributions for existing commercial aircraft
composite structures.

Before � tting thebaselinedamage sizedata to Eqs. (7) and (8), the
POD model parametervalues for each damage inspectiontechnique
must be known. The log-odds POD model parameter values previ-
ously assumed in Ref. 1 will be used here, after being transformed
to the cumulative lognormalPOD parametersby the transformation
relation outlined by Berens in Ref. 4:

k D ¼
¯p

3¾ (9)

The transformed POD parameter values are listed in Table 2 and
the resulting POD curves are shown graphically in Fig. 1. Parame-
ter values were chosen to represent detection probabilities that can

Table 1 Composite damage size data from Ref. 5

Damage size, in.(mm)

Damage type <1.5, % 1.5–3.0, % >3.0, %

Hole damage 51.4 34.3 14.3
Delaminations 11.1 31.1 57.8
Cracks 30 30 40

Table 2 Parameters for cumulative lognormal
detection probability distributions

Damage type a50 ¾

Hole damage 0.5 0.726
Delaminations 2.0 0.698
Delaminations (NDE) 0.5 0.698
Cracks 0.8 1.01
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Table 3 Model parameters for actual damage size distributions

Gamma P.a/ Weibull P.a/

Damage type ¿ µ ¯ µ

Hole damage 1.26 1.09 1.10 1.40
Delaminations 0.834 2.63 0.919 2.16
Cracks 0.752 2.85 0.869 2.07

Fig. 1 Cumulative lognormal detection probability functions.

Fig. 2 Actual delamination size distributions for gamma and Weibull
models.

be reasonably obtained for operational inspections and that would
likely result in the distribution of damage sizes observed in Ref. 5.
The POD curves represent visual inspection capability for all hole
and crack damage and a combinationof visual and tap testing capa-
bility for delaminations. In addition, a POD curve representing an
automated nondestructive evaluation (NDE) method for detecting
delaminations is also assumed.

To calculate the parameter values of p.a/ from the baseline dam-
age data, Eqs. (7) and (8) must be integrated numerically over the
damage sizes corresponding to the cumulative probability of oc-
currence data in Table 1. A double-precision FORTRAN program
was written to solve for the p.a/ model parameters using the secant
method for sets of nonlinear algebraic equations.6 The function in-
tegrations were solved using the SLATEC subroutines DQAG and
DQAGI.7 Integrations were carried out to a relative precision of
10¡12. Parameter values convergedto a cumulativeabsoluteerror of
10¡6 and were solved for each damage type, for both gamma and
Weibull actualdamage size models.Results are listed in Table 3 and
are shown graphically for the delamination case in Fig. 2. Figure 2
demonstrates that the choice of either a gamma or Weibull PDF for
p.a/ yields similar results for the damage type and the range of
damage sizes shown.

SDRS Data
The damage size distributions derived from the data of Ref. 5

represent the aggregate response of a large number of compos-
ite structures to in-service damage. To determine the response of

speci� c structural components to damage, more detailed data need
to be collected for the individual structures of interest. Use of the
damage-tolerant design philosophy requires periodic inspection to
detect and repair structural damage, and the results from those in-
spectionscanbeused to revise thebaselinedamage sizedistributions
as new data are accumulated. The Federal Aviation Administration
(FAA) requirescommercialaircraftoperators in the United States to
submit their aircraft to periodic inspectionand to report any failure,
malfunction, or defect that threatens � ight safety or exceeds allow-
able limits. This informationis submitted to the FAA in the formof a
malfunctionor defect report, and the individualreportsare collected
in SDRS. Although not expressly designed for the purpose, SDRS
can be used in some cases to obtain damage size data for individual
structuralcomponents.Previous researchefforts by Brewer utilized
SDRS crack size data to estimate POD curves for inspection of
metallic fuselage lap splice joints.8 In this study, damage size data
availablefromSDRS will be used to demonstrateBayesianupdating
of prior detected damage size distributions.These data will also be
used as a preliminary validation of the baseline composite damage
densities derived from Ref. 5, for speci� c airframe structural com-
ponents. A third purpose in using these data will be to demonstrate
how the existingcommercialaircraftmaintenanceinfrastructurecan
be adapted to gather statistically useful data on the damage threat
environment of in-service aircraft.

An archive of all SDRs covering the period from January 1990
to April 1999 was obtained from the FAA. Only records pertaining
to structural problems on large commercial transports with a sig-
ni� cant number of high-performancecomposite components were
retained.All otherrecordsweredeleted.The remainingrecordswere
searched by aircraft type for damage occurring on any major com-
posite structures. Damage sizes and methods of detection are not
required by the FAA to be submitted on structural damage reports.
However, many inspectors choose to report this information any-
way. The largest sample set of reported damage sizes found in the
databasewas for the Boeing 757 and 767 airframes.The breakdown
of damage events, reported damage sizes, and components affected
are listed in Table 4 for the 757 and Table 5 for the 767. Analysis of
the records with damage sizes indicated that detected disbond and
delamination damage events were not reported consistently.Often,
disbond damage is reported as delamination in the records. Dents,
gouges, and general damage have no apparent delaminationassoci-
ated with them, and so are treated as a separate case. The detection
method is usually not reported,and so is assumed to be visualunless
otherwise stated.

Before usingany of the SDR damage data in a statisticalanalysis,
the limitationsof the reportedinformationmust be addressed.Struc-
tural damage classi� ed as a major repair is often handled through
the FAA’s DesignatedEngineeringRepresentative,or directlyby the
airframe manufacturer. In those cases, an SDR may not be � led by
the maintenance activity. This means that the SDRS database does
not contain all incidences of major structural damage that occur on

Table 4 SDR damage data for 757 composite structure

SDR Records
Damage Damage

Damage type events sizes

Ailerons, � aps, and spoilers
Dents, gouges, 26 9

and General damage
Cracks 16 5
Delaminations 39 9
Holes 76 9
Lightning strike 2 0

Elevators and rudders
Dents, gouges, 3 0

and general damage
Cracks 1 1
Delaminations 7 1
Holes 26 2
Lightning strike 5 0
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Table 5 SDR damage data for 767 composite structure

SDR records
Damage Damage

Damage type events sizes

Ailerons, � aps, and spoilers
Dents, gouges, 27 7

and General damage
Cracks 11 6
Disbonds 3 0
Delaminations 32 9
Holes 8 1
Lightning strike 3 0

Wing trailing-edge skin panels
Cracks 1 1
Delaminations 2 1

Elevators and rudders
Dents, gouges, 14 3

and general damage
Cracks 6 1
Delaminations 15 7
Holes 27 17
Lightning strike 2 1

a component in service. Also, only damage that is beyond the max-
imum acceptable limits is required to be reported. These limits are
usually set by the airframe manufacturer’s structural repair manual
(SRM) and are speci� c to the damage type and location on each
component. Damage sizes below these limits are not required to
be reported and usually are not. As a result, damage sizes derived
from the SDRS databasedo not representa randomsample from the
overall damage size distributionof a component.These issues must
be taken into account in the subsequent analysis, or the results may
be signi� cantly biased.

Bayesian Updating Formulation
For each damage type, damage size data from the SDRS database

representa sample from the detecteddamage size distribution.With
the form of Eqs. (7) or (8) for p0.a/, the model parametersof the ac-
tual damage size distributioncan be updated.The damage size data
do not represent a random sample from p0.a/, however, because
only damage sizes larger than the repair size limits are reported. If
the size threshold for reporting damage is known a priori, then a
particular damage size data point will represent a random sample
only from the area of the detected damage PDF [Eqs. (7) or (8)]
that is above the size threshold. This can be accounted for in prob-
abilistic terms by the use of a truncated PDF, where the detected
damage PDF can be expressedstrictly as a functionof damage sizes
larger than the thresholdvalue. The entire actual damage size distri-
bution model can then be updated with data sampled strictly from
the region beyondthe thresholdlimit. Details of the requiredderiva-
tions, the resulting equations, and the solution methods utilized are
listed in the Appendix. The gamma damage size model was chosen
for this particular application to illustrate the methodology; how-
ever, the Bayesian updating method can be applied equally well to
the Weibull damage size model, or any other model one wishes to
choose.

Updated Damage Sizes
It is clear from Tables 4 and 5 that the small sample of damage

sizes availablefrom theSDR databaseprecludesthe ability to derive,
with any signi� cant degreeof con� dence, initial componentdamage
size estimates from these data alone. However, with the Bayesian
updating formulations just derived, SDR damage size data can be
used to revise baseline probability distributions for each damage
type. The baseline distributions used here were previously derived
from thedata of Ref. 5. For all of the damage types reportedin Tables
4 and 5, only disbonds, delaminations,holes, and cracks were used
to perform updating. Disbonds were grouped with delaminations
because of the dif� culty of sorting out the speci� c damage mecha-
nisms from the individual records. The lightning strike damage on

the 767 elevatorwas treatedas a delamination.Four of the delamina-
tions on the 767 were detected using (NDE)/ultrasound techniques,
and these data points were accountedfor in the updatingcalculation
by using a likelihood function that incorporatedmultiple inspection
techniquesfor a givendamagetype.SDR damage records that report
damage sizes usually do not reportdamage shapes. For disbond,de-
lamination,and hole records that only report a single dimension, the
damage was assumed to be circular. If two dimensions were given,
the damage was assumed to be elliptical. The damage size was then
recorded as the diameter of a circular area equivalent to the area of
the ellipse. Crack dimensions were assumed to be the overall crack
length.

Each reporteddamage size has a maximum repair size limit asso-
ciated with it, and the limits are typically set by the manufacturer’s
SRM. All of the reported damage sizes were cross checked with
the appropriateBoeing SRM to determine the correspondingrepair
size limits. Without detailed dimensions of damage locations from
the SDR data, and drawings of the affected part, it was dif� cult to
ascertain which repair limit criteria caused the damage event to be
reported. By the use of information in the SRM, criteria for choos-
ing repair limits were established to provide a systematic approach
to setting damage size thresholds based on the repair information
reported in each SDR data record. For each reported damage size,
the repair limit criteria used were as follows:

1) If the damage size is smaller than all SRM repair limits, the
threshold is set to zero.

2) If the damage size is smaller than the permanent repair lim-
its, and is repaired with an unspeci� ed permanent repair, then the
threshold is set to the interim repair limit.

3) For damage sizes aboveall SRM repair limits, if the repair type
is not speci� ed, then the threshold is set to the interim repair limit.

4) For largedamagewith no size limit speci� ed on the repair type,
the threshold is set to the largest repair limit for other repair types
that is smaller than the reported damage size.

Applying the repair limit criteria gives a threshold value associ-
ated with the reported damage size. The threshold value will be in
terms of the largest damage dimension and must be corrected when
the damage area is noncircular.This was accomplishedby calculat-
ing the aspect ratio of the reported damage area, then shrinking the
damagearea until themajor axis is equal to the thresholdlimit,while
keeping the aspect ratio constant. An equivalent circular diameter
for the threshold limit is then calculatedfrom the reducedmajor and
minor axes dimensions. This technique reduces the effect of dam-
age shape variationon the damage size results because the threshold
values are calculated by holding the damage shape constant.

A double-precisionFORTRAN program was written to carry out
the updating using the damage size and threshold data. Integra-
tions were carried out using the SLATEC subroutines DQAG and
DQAGI, to a relative precision of 10¡8 . Importance samples were
drawn from a gamma distributionof the ¿ parameter and an inverse-
gamma distribution of the µ parameter. The uniform random num-
ber generator used was the function DUNI from the NMS software
package.7 The gamma randomnumber generator functionused was
a variation of the program listed in Ripley’s Appendix for sampling
from a standard gamma distribution.9 The parameter values of the
importance-sampledgamma distributionswere manually optimized
by trial and error to maximize the effective sample size (ESS) for a
solutionbased on m D 1000.The � nal computationalruns were per-
formed using an importancesample size of m D 100,000.This large
sample size was used so that histograms of the marginal posterior
parameter distributions could be created. Generally, an importance
sample size of only a few hundredgives suf� cient solutionaccuracy
for ESS values greater than 50%.

Analysis cases were divided into three categories. The � rst cat-
egory is 767 damage, which is subdivided into two component
groups of wing trailing-edge surfaces and empennage control sur-
faces.The secondcategoryis 757 damage,which consistsof a single
component group of wing trailing-edgesurfaces. There were insuf-
� cient data points to perform a separate analysis of the 757 empen-
nage control surfaces.The third categorycombines data for the 757
and 767 structures and is subdivided into wing trailing-edge and
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Table 6 Bayesian updated composite damage size parameters for 757 and 767 component groups

Baseline 25% COV 50% COV
Component damage ¿ µ ¿ µ ESS, % ¿ µ ESS, %

767 � ap delamination 0.834 2.63 0.735 2.52 97.0 0.567 2.57 93.0
767 � ap crack 0.752 2.85 0.726 2.92 98.4 0.658 3.08 92.8
767 tail hole 1.26 1.09 1.11 0.815 85.0 1.25 0.666 59.8
767 tail delamination 0.834 2.63 0.730 2.46 93.7 0.579 2.44 90.9
757 � ap hole 1.26 1.09 1.14 0.939 92.1 1.10 0.857 73.9
757 � ap delamination 0.834 2.63 0.528 2.48 95.3 0.269 2.71 93.3
All � ap hole 1.26 1.09 1.06 0.912 92.1 0.933 0.841 76.5
All � ap delamination 0.834 2.63 0.496 2.52 94.3 0.239 2.81 92.7
All � ap crack 0.752 2.85 0.686 2.73 96.3 0.580 2.79 87.7
All tail hole 1.26 1.09 1.02 0.789 84.4 1.03 0.668 62.7
All tail delamination 0.834 2.63 0.746 2.75 95.5 0.580 3.08 89.5

Table 7 Mean and standard deviation of updated actual damage size distributions for 757 and 767
composite components

Baseline 25% COV 50% COV
Component damage Mean Standard deviation Mean Standard deviation Mean Standard deviation

767 � ap delamination 2.195 2.404 1.857 2.166 1.414 1.859
767 � ap crack 2.139 2.467 2.121 2.488 2.027 2.499
767 tail hole 1.382 1.230 0.9078 0.8600 0.8329 0.7447
767 tail delamination 2.195 2.404 1.795 2.101 1.414 1.859
757 � ap hole 1.382 1.230 1.071 1.002 0.9383 0.8965
757 � ap delamination 2.195 2.404 1.307 1.799 0.7311 1.409
All � ap hole 1.382 1.230 0.9705 0.9410 0.7850 0.8125
All � ap delamination 2.195 2.404 1.250 1.775 0.6697 1.371
All � ap crack 2.139 2.467 1.875 2.264 1.617 2.123
All tail hole 1.382 1.230 0.8061 0.7974 0.6859 0.6770
All tail delamination 2.195 2.404 2.052 2.376 1.790 2.349

empennagecontrol surface componentgroups.The earlier distribu-
tions of the actual damage size model parameters are characterized
in terms of two levels of uncertainty.The low uncertainty level sets
the coef� cient of variation (COV) of the earlier parameter distribu-
tions to 25%. The high uncertaintylevel sets the COV to 50% for the
earlier parameter distributions. These COV percentages were cho-
sen arbitrarilybecause information on the qualitativeuncertaintyof
the damage size data of Ref. 5 is unknown.Earlier mean valueswere
taken from the baseline damage size distributions for each damage
type. The updated mean parameter values, along with the ESSs for
each analysis run, are shown in Table 6 for all categories analyzed.
The results show thatESSs of 90%or greaterwere achievedfor most
of the analysis runs, with some exceptions.The effects of Bayesian
updatingon the baselinedamage size distributionscan be quanti� ed
by comparing the means and standard deviations of each damage
size distribution. These results are tabulated for the damage cases
analyzed and are listed in Table 7. All values have dimensions of
inches.

In nearly every case examined, damage size updating using SDR
data resulted in a signi� cant reduction in the mean and standard
deviationof thedamagesizedistributionscomparedto theirbaseline
values. The only exception to this is the updated standard deviation
for 767 � ap crack damage, which increases slightly as the earlier
uncertainty level increases. Both � ap delamination cases show a
signi� cant reduction in the updated mean and standard deviation
values over the baseline values. The rate of decrease is faster in the
757 � ap delamination case, mainly due to the smaller amount of
scatter compared to the 767 � ap delamination data set.

The effect that the Bayesian updated damage size distributions
have on the reliability for each damage mechanism can be demon-
strated by recalculating the PF [Eq. (2)] using the posterior param-
eter values for the actual damage size distributions.These integra-
tions were carried out numerically to a relative precision of 10¡12.
Selected results are plotted as a function of design critical damage
size in Figs. 3–8. Bayesian updating of the damage sizes reduces
the failure probability in nearly all damage cases studied. The only
exception is the 767 � ap crack case, where there was no signi� cant

Fig. 3 Bayesian updated failure probabilities for 757 � ap holes.

change in the failureprobabilitycurvedue to updating.These results
serve as a preliminary validation of the baseline composite damage
size assumptions as applied to the structural components analyzed
here. This validation is limited in scope, however, due to the small
sample sizes of damage utilized, the data reporting uncertainties,
and the assumptions of inspection POD characteristics.

Anothernoteworthyaspectof the analysisresults is how Bayesian
updating reduces the uncertainty in the parameter distributions of
the damage size model. Histograms of the posterior marginal pa-
rameter distributions can be plotted by summing the normalized
importanceweights over intervals of the sampled parameter values.
Examples of this type of plot are shown in Figs. 9 and 10 for the
two precedinglevels of uncertaintyassumed. These charts show the
relativereductionin varianceof the parametervaluesover the earlier
variancesand also illustrate the shift in the distributionmean values
due to updating.

The overall resultsof the Bayesianupdatinganalysisdemonstrate
thatdamagesizedata fromscheduledandunscheduledaircraftstruc-
tural inspections can be effectively utilized to re� ne damage size
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Fig. 4 Bayesian updated failure probabilities for 757 � ap delamina-
tions.

Fig. 5 Bayesian updated failure probabilities for 767 � ap cracks.

Fig. 6 Bayesian updated failure probabilities for 767 � ap delamina-
tions.

Fig. 7 Bayesian updated failure probabilities for 767 tail holes.

Fig. 8 Bayesian updated failure probabilities for 767 tail delami-
nations.

Fig. 9 Bayesian updated µ distribution for 757 and 767 � ap delami-
nations (low uncertainty).

Fig. 10 Bayesian updated µ distribution for 757 and 767 � ap delami-
nations (high uncertainty).

distributionson a quantitativebasis. Even with the uncertaintiesas-
sociated with the damage size data reported in the SDR system, the
resultsclearlydemonstratethat signi� cant reductionsin damagesize
mean and scatter values are achievable, compared to conservative
baseline values. These results translate into reduced failure proba-
bilities for current designs and increase con� dence that reliability-
based methods can quantify uncertainty in damage-tolerant struc-
tural designs. This paper as a whole was derived from the work
of Rusk in Ref. 10, in which further details of the analysis meth-
ods used, as well as a compilation of all relevant results, can be
found.

Data Reporting Criteria
The results of the Bayesian updating analysis using SDR data

demonstrate that an inspection and maintenance program that
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reports damage characteristics can be used to monitor the reliabil-
ity of damage tolerant structures on a quantitative statistical basis.
The criteria for reporting damage to SDRS poses some unique chal-
lenges when trying to use the data to update reliability predictions.
Because only damage beyond the maximum repair size limit is re-
ported, the volume of damage size data that accumulate are highly
dependent on how large the repair size limits are in relation to the
mean values of typical damage sizes. If the repair size limits cover
nearly all damage sizes seen in service, only a few exceptionaldata
points will be available for updating.It would, therefore,be dif� cult
to make any meaningfulstatisticalinferencesfrom such a small data
set. Ideally,one would like to have data on all damageevents that are
detected for every inspection opportunity. However, documenting
all of this informationcouldprove to be excessivelyburdensomefor
those doing the inspections.One compromisewould be to report all
damage sizes that are repaired. This should provide a much larger
set of data to work with than only reportingevents beyond the repair
size limits.

Another issue related to the SDRS reporting requirements is
whether or not all damage sizes larger than the repair size limits
were actually reported. The size and effect that this missing data
set has on the Bayesian updating results presented here is unknown.
What is also unknownis the effect the recordswith unreporteddam-
age sizes have on the results. It is evident from the data in Tables 4
and 5 that the majority of the damage events reported to SDRS do
not have damage sizes associatedwith them. The Bayesian updating
analysis using these data assumes that the recorded damage sizes
representa randomsample from all of the damageevents reported.It
may be such that only in the worst casesof damage were the damage
sizes actually reported. This would skew the analysis results toward
a larger damage size distribution than would otherwise be the case.

Manyof theconcernsaboutSDRS dataariseprimarilyfromtrying
to extract damage size information from a system that was not de-
signed to record such data. If the updatingmethods were using data
from an inspection and maintenance program that was speci� cally
tailored to report damage characteristics, most of these problems
would be eliminated,or at least signi� cantly reduced.Modi� cations
to the system’s currentdata reporting format are suggestedhere that
would enhancetheability to gatherdetailedinformationon the char-
acteristics of each structural damage event. These suggestions are
not unique to the SDR system and should be equally applicable to
any other inspectionand maintenanceprogram that records damage
information for use in structural reliability estimates:

1) Distinguish between disbond and delamination damage on
composite sandwich structures.

2) Add a check box on the form for reported damage size beyond
SRM limits.

3) Add database � elds for recordingnumber of damages,damage
sizes, damage detection methods, and number of airframe hours or
cycles for each report.

4) Add capability for characterizingdamage events with multiple
damage mechanisms present.

5) Include dimensional locations of damage site in report.
6) Specify repair method used to repair damage.

Conclusions
The results of this analysis demonstrate that Bayesian updating

provides an ef� cient means to revise damage size probabilities of
aircraftstructuralcomponentswhen new damagedatabecomeavail-
able. Unfortunately, there is not enough relevant information con-
tained in current FAA maintenance databases to characterize dam-
age size distributionsfor individualcomposite components, at least
with any reasonable degree of con� dence. However, the Bayesian
updating results using FAA data serve as a limited, component spe-
ci� c validation of the general composite damage size assumptions
derived from earlier literature.In nearly every case, the results show
that thebaselinedistributionsare a conservativeestimateof the range
of damage sizes encountered on commercial composite structural
applications. The only exceptions were the results for the 767 � ap
crack cases, where the damage size distributionsdid not noticeably
change from earlier estimates.

In light of these results, changes to current inspection and main-
tenance reporting procedures are recommended that would allow
the continuous collection of statistically useful structural damage
data for application to reliability analyses. The increase in relevant
data resulting from these changes would allow much more re� ned
estimatesof airframecomponentreliabilitiescompared to estimates
derivedfromexistingdataonly.Updatingof damage sizedatawould
also allow � eet reliability estimates to be revised on an ongoing ba-
sis and enable the highlighting of adverse reliability trends before
they lead to catastrophic failure.

Appendix: Bayesian Updating Equations
The basic form of truncated detected damage size PDF is

p0.aja > »/ D
p0.a/

1 ¡
R »

0
p0.x/ dx

for a > 0 (A1)

The truncated form of the gamma detected damage size model
[Eq. (7)], where the damage size (a) is conditionalon the truncation
value and the model parameter values is

p0.aja > »; ¿; µ /

D

©
1
¯

µ ¿ 0.¿/E[PD.a/]
ª
a¿ ¡ 1 PD.a/ exp.¡a=µ/

1 ¡
R »

0

©
1
¯

µ ¿ 0.¿ /E [PD .x/]
ª
x ¿ ¡ 1 PD.x/ exp.¡x=µ/ dx

(A2)

For n new detected damage size data points, the likelihood of the
points being randomly sampled from Eq. (A2) is

L.a1; a2; : : : ; an ja > »; µ; ¾ / D fµ ¿ 0.¿/E[PD.a/]g¡n

£
nY

i D 1

a¿ ¡ 1
i PD.ai / exp.¡ai =µ/

1 ¡
R

»i

0

©
x ¿ ¡ 1 PD.x/ exp.¡x=µ/

¯
µ ¿ 0.¿/E[PD.x/]

ª
dx

(A3)

where the truncationpoint can be uniquely associated to each dam-
age size data point. The likelihood can be rewritten in a simpli� ed
form by substituting damage size sample averages [Eqs. (A5–A7)]

L.a1; a2; :::; anja > »; ¿; µ/

D
»

exp[¡Na=µ C .¿ ¡ 1/ a C NPD]

µ ¿ 0.¿ /E[PD.a/]

¼ n

£
nY

i D 1

(

1 ¡
Z

»i

0

x ¿ ¡1 PD.x/ exp.¡x=µ /

µ ¿ 0.¿/E[PD.x/]
dx

)¡1

(A4)

Na D 1
n

nX

i D 1

ai (A5)

a D
1
n

nX

i D 1

ai (A6)

NPD D 1
n

nX

i D 1

[PD.ai /] (A7)

When a joint earlier distribution is assumed for the model pa-
rameters ¿ and µ , Bayes theorem can provide an updated estimate
of what the model parameter values should be in light of the new
damage size data:

fu.¿; µ ja1; a2; : : : ; an/ / L.a1; a2; : : : ; an ja > »; ¿; µ/ f0.¿; µ /

(A8)
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For this application, the prior distributionsof the model parameters
¿ and µ are assumed a priori to be independent. A two-parameter
gamma PDF is used to model the ¿ parameter earlier distribution,
and an inverse-gammaPDF is used to model the µ parameter earlier
distribution. However, any continuous univariate PDF can be used
to model the prior distributions:

f0.¿ / D [1=¸r 0.r/]¿ r ¡ 1 exp.¡¿=¸/ (A9)

f0.µ/ D [1=¯®0.®/]µ¡.® C 1/ exp.¡1=¯µ/ (A10)

To obtain the joint posterior distribution of the model parameters,
the Bayesian updating equation [Eq. (A8)] must be normalized and
solved numerically because no closed-form solution exists. When
attempting a numerical solution to this equation, considerable dif-
� culty may be experienced in computing the normalizing constant
using direct numerical integration. In such cases, Monte Carlo sim-
ulation is often used to construct probability surfaces from which
the relevantstatisticscan be extracted.However, directMonte Carlo
simulation will not work here because of the need to generate ran-
dom draws directly from the likelihood function [Eq. (A4)]. This
problem can be circumventedby the use of importance sampling to
generate the random draws.

Gelman et al. outline a method for estimating the marginal dis-
tribution of the joint posterior model parameters using importance
sampling.11 The expectedvalueof the updatedmarginaldistribution
for a model parameter can be expressed as a function of the joint
posterior PDF:

E[¿ ja1; a2; : : : ; an ] D
Z 1

¡1

Z 1

¡1
¿ fu.¿; µ ja1; a2; : : : ; an/ d¿ dµ

(A11)

In importance sampling, a PDF, g.¿; µ/, is introduced that can be
directly sampled from and that approximates the solution surface
for the joint posterior distribution of the model parameters:

E[¿ ja1; a2; : : : ; an ]

D
Z 1

¡1

Z 1

¡1

¿ fu.¿; µ ja1; a2; : : : ; an/g.¿; µ/

g.¿; µ/
d¿ dµ (A12)

The importance weight factor is de� ned as the ratio of the density
to be simulated to the approximating density:

w.¿; µ / D
fu.¿; µ ja1; a2; : : : ; an/

g.¿; µ/
(A13)

Taking m samples from the approximating density, the expected
values of the model parameters can be estimated as a weighted
average of the sample values, if the joint posterior distribution has
been normalized:

E[¿ ja1; a2; : : : ; an ] ¼
1
m

mX

i D 1

¿i w.¿i ; µi / (A14)

For the unnormalized form of Eq. (A8) the expected values can be
found by dividing the weighted average of the sample values by the
average of the weights:

E[¿ ja1; a2; : : : ; an ] ¼
.1=m/

Pm
i D 1 ¿i w.¿i ; µi /

.1=m/
Pm

i D 1 w.¿i ; µi /
(A15)

E [µ ja1; a2; : : : ; an ] ¼
.1=m/

Pm
i D 1 µi w.¿i ; µi /

.1=m/
Pm

i D 1 w.¿i ; µi /
(A16)

This approacheliminatestheneedto calculatenormalizingconstants
for the Bayesian updating equation [Eq. (A8)].

The ef� ciency and accuracy of importance sampling depends on
how well the approximatingdensitymatches the joint posteriordis-
tribution of the model parameters. Kong et al. de� ne an ESS as a
measure of importance sampling ef� ciency. ESS is interpreted as a
ratio of importance sample size to joint posterior sample size, such
that m draws from the importance sampling distribution offers the
same estimation accuracy as ESS £ m draws from the joint pos-
terior distribution.12 For m importance sampled draws, the ESS is
expressed in terms of normalized values of the weight factors:

ESS D

hPm
i D 1 wn.¿i ; µi /

i2

m
Pm

i D 1 w2
n.¿i ; µi /

(A17)
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